We investigate excitation dynamics in the system of a quantum dipole emitter (QDE) coupled to a located nearby metal nanoparticle (MNP), which exhibits a dipolar localized surface plasmon (LSP) resonance at the frequency of the QDE radiative transition, in the presence of a strong external resonant electromagnetic field. Considering the QDE-field interactions in the regime of strong QDE-field coupling, we show that the feedback provided by the MNP on the QDE (due to the LSP excitation with the field generated by the dipole moment of the QDE transition) influences significantly the coherent process of Rabi oscillations, resulting in the occurrence of additional satellite frequencies in the radiation spectrum scattered by the QDE-MNP configuration. The relative ratio of high harmonics depends strongly on the QDE-MNP separation, an important characteristic feature that can be used for observing this effect and exploited, for example, for controlling distances at nanoscale.
I. INTRODUCTION
Resonant interactions between quantum emitters placed in nanostructurted environment with strong electromagnetic fields bring about many interesting physical phenomena. Thus, it was found that electromagnetic coupling between quantum dipole emitters (QDEs), such as molecules, color centers in diamond or quantum dots, and surface plasmon polariton modes (often shortened to surface plasmons) allows control over the flow of electromagnetic energy [1] [2] [3] [4] [5] . QDE coupling to spatially localized surface plasmon excitations, localized surface plasmons (LSPs), supported by metal nanoparticles (MNPs) or, in general, nanostructures (that are often referred to as nanoantennas) results in strong modification of spontaneous emission rates in the regime of weak coupling [6] [7] [8] [9] [10] , and can also lead to periodic coherent QDE-LSP energy transfer in the form of Rabi oscillations in the regime of strong coupling [11] [12] [13] . At the same time, electromagnetic interactions of atoms and molecules with intense laser fields that have been scrutinized during several decades [14] became again important in the context of coherent control of atom-photon interfaces that is vital in the realization of quantum information protocols [15] .
Numerous investigations considering modification of spontaneous emission in various
QDE-MNP configurations were focused on the effect of dramatic enhancements of the QDE (radiative and nonradiative) decay rates in the vicinity of the MNP [6] [7] [8] [16] [17] [18] [19] [20] , always implicitly assuming that the relaxation dynamics is purely exponential as obtained in the Weisskopf-Wigner treatment of an individual two-level atom [21] . However, the LSP resonant excitation associated with free electron oscillations in an MNP can, for nm-size MNPs, be regarded as classical current oscillations, since a large number of free electrons (~100 nm -3 ) are involved and their energy spectrum can be considered continuous. This classical oscillating current can then represented by a quantum coherent state of the LSP [22] . Note that the coherent LSP state is fundamentally different from (often-considered) LSP states with a definite number of quantized plasmons [23] .
From the basic principles of quantum optics, it is known that quantized fields created by classical currents are described by a wave function of the coherent state [22] . These quantized fields are largely equivalent to classical fields, allowing one to employ the semi-classical approximation.
Thus, in the studies of the relaxation dynamics of resonantly coupled QDE-MNP and QDE-MNP-QDE systems, it was found that the results obtained using both quantum [24, 25] and semiclassical [25, 26] approaches are identical when representing the LSP oscillating current by the coherent state in the quantum approach [24, 25] . Here, we employ the semiclassical [25] [26] [27] approach to investigate the excitation dynamics in the resonantly coupled QDE-MNP system illuminated with a strong external resonant electromagnetic field. Our analysis is based on the extension of coupled equations describing usual harmonic Rabi oscillations [22] so as to include an additional term responsible for the resonant QDE-MNP interaction [26] . The key feature of the resonant QDE-MNP coupling is that the particle polarizability becomes purely imaginary at resonance, so its response exhibits the π/2 phase shift. Considering the QDE-field interactions in the regime of strong coupling, we show that the feedback provided by the MNP on the QDE (due to the LSP excitation with the field generated by the dipole moment of the QDE transition) influences significantly the coherent process of Rabi oscillations, resulting in the occurrence of additional satellite frequencies in the radiation spectrum scattered by the QDE-MNP configuration.
II. THEORETICAL FRAMEWORK
The system under consideration is schematically presented in Fig. 1 and consists of a twolevel QDE and a spherical MNP, which interacts resonantly with the QDE and external electromagnetic field. It should be noted that, at the initial moment of switching on the external field, the QDE can be found both in the ground and excited states. In addition, we assume that the QDE-MNP coupling and the external pump field are sufficiently strong so that the relaxation processes can be neglected, at least at the initial stage. It is further assumed that the spherical MNP exhibits a dipolar LSP resonance at the frequency ω of the radiative (dipole-allowed) transition between the excited and ground states. In the presence of the pump field, the QDE wave function can be represented as the coherent superposition state:
where 1 φ and 0 φ are the wave functions of the QDE in the excited and ground states characterized by the energies 1 E and 0 E , respectively, while 1 ( ) a t and 0 ( ) a t are the corresponding (timedependent) probability amplitudes. The QDE transition dipole moment is thereby given by
with the asterisk denoting the complex conjugate, and 
We assume that the radiation wavelength λ is significantly larger than the distance R between the QDE and MNP center, which is in turn much larger than the MNP radius r (Fig. 1 
Here, 0 e and 2 e are the relative permittivities of vacuum and the dielectric environment. In general, the MNP response should be determined by considering the corresponding dynamics influenced by the total external field and the LSP relaxation. However, as noted in our previous work [24] [25] [26] [27] , the MNP response can be considered instantaneous due to extremely fast relaxation of the LSP excitation, since the LSP lifetime is on the fs-scale while the QDE lifetime (even shortened due to the MNP proximity) would be on the ns-scale [6] [7] [8] . The total field acting on the QDE is a sum of the external pump field, the MNP scattered external field and the feedback QDE field produced by MNP scattering back to the QDE: 
where 1
is the MNP relative permittivity, and c.c. stands for complex conjugate.
Using the time-dependent Schrödinger equation for two-level systems in the driving field given by Eq. (5) and carrying out standard manipulations within the rotating wave approximation, one obtains the following system of coupled equations for the probability amplitudes ( a da dt ≡  ):
where µ characterizes the feedback produced by the MNP scattering back to the QDE: 
and β characterizes the strength of the external resonant pump field acting together with the MNP response on the QDE:
In obtaining the above formulae, we assumed in Eq. (5) 
along with
This constant is to be set to one, bearing in mind that 1 a and 0 a are the probability amplitudes.
One of the most important assumptions made is related to the strength of the QDE-MNP coupling which should ensure considerably larger relaxation rates than that for the QDE in free space. The corresponding ratio can be evaluated now with the help of Eq. (7) and the Weisskopf-Wigner result [21] as follows:
where 0 γ is the QDE spontaneous decay rate in vacuum [21] , and λ is the vacuum wavelength corresponding to the QDE transition frequency ω . For a typical dielectric environment with 2 2.25 e = (e.g., glass or polymer), the resonance condition (i.e., [17] . It is also transparent that even larger ratios can be achieved by exploiting the LSP shape dependence [11] and red-shifting the MNP resonance towards smaller metal absorption [28] .
III. RESULTS AND DISCUSSION
Analyzing coupled equations [Eqs. (6a) and (6b)], one realizes that their structure becomes radically different in two extreme cases: 0 µ = and 0 β = . In the first case, one is left with the equations describing usual (harmonic) Rabi oscillations [22] , whereas the second case corresponds exactly to the situation that we considered previously [26] -the resonant QDE-MNP interaction (in the absence of the pump field) resulting in the dynamics following a non-oscillatory (and nonexponential) decay. One should expect therefore that a change from oscillatory to non-oscillatory behavior occurs at a certain ratio between these rate parameters, which represents, from the physical viewpoint, a ratio between the strength of the external resonant pump field acting (together with the MNP response) on the QDE and the feedback produced by the MNP scattering back to the QDE.
Selecting this ratio with the aim of establishing a clear demarcation line between these two regimes, one arrives at the following parameter: 
Here, one should bear in mind that the time scale considered has to be kept below the spontaneous emission time, i.e., one has to maintain the following inequality:
For longer times, the usual (Weisskopf-Wigner) mechanism of spontaneous emission [21] can no longer be ignored.
Overall, in the case of weak pump ( 1 α < ), regardless of the initial conditions the system evolves towards a stationary superposition state (Fig. 2) , with the excited state probability increasing from 0 to 0.5 for the values of α increasing from 0 to 1 [Eq. (13) ]. This rather remarkable feature is associated with the role played by the feedback produced by the MNP scattering back to the QDE, which promotes the QDE transition from the excited to the ground state and prevents a reverse transition. As already pointed out in the beginning of this section, small values of α (due to the dominance of the MNP scattering over weak pump fields) result in the dynamics very similar to that predicted for the resonant QDE-MNP interaction in the absence of the pump field [26] , which is characterized by non-oscillatory decay towards the ground state (also independently on the initial conditions). The non-oscillatory behavior in this case, as well as in other similar systems without external fields, is caused by the 2 π phase delay in the resonant response of the MNP on the acting (external and scattered by the QDE) fields [24] [25] [26] .
In the case of strong pump fields ( 1 α > ), the QDE dynamics changes drastically becoming governed by Rabi oscillations, i.e., the strongly pumped QDE switches periodically between the excited and ground states. 
It is seen that the QDE dynamics becomes purely harmonic, i.e., exhibiting Rabi oscillations [22] , in the limit of very strong pump fields, when α → ∞ :
One can straightforwardly recover that the oscillation frequency in this limit and for weak MNP feedback, i.e., when 8)], is given by the well-known formula for the Rabi oscillations of a two-level atom in a strong resonant electromagnetic field [22] . This change from the non-oscillatory behavior to Rabi oscillations caused by turning on the pump power is somewhat similar to that (also described by a semiclassical approach) occurred in the system of a photonic cavity resonantly coupled to a QDE and caused by increasing the cavity quality factor [29] . Both transitions are related to changes in the balance between the strengths of dissipation and resonant (pump or vacuum cavity) fields.
In the general case (Eq. [14] ), however, the feedback provided by the MNP on the QDE (due to the LSP excitation by the QDE dipole moment) influences significantly the coherent process of Rabi oscillations, resulting in anharmonicity that is especially pronounced for values of α being close to 1 (Fig.3) . Again, the 2 π phase delay in the resonant response of the MNP on the acting (external and scattered by the QDE) fields slows down the QDE excitation, while facilitating the QDE relaxation back to the ground state [24] [25] [26] . In this case, the initial conditions influence only the phase of Rabi oscillations, shifting the periodic response correspondingly along the time axis.
The anharmonic behavior in the QDE dynamics results in an anharmonic oscillations of the QDE dipole moment, which determines the spontaneous emission characteristics and whose main component can be represented as follows: 
It is seen (Fig. 4 ) that the dipole moment amplitude oscillates as expected for the case of strong coherent resonant pump, featuring anharmonicity that is directly connected with the aforementioned anharmonicity in the population dynamics. Also in this case, the initial conditions determine only the phase of oscillations.
The anharmonicity in the QDE dynamics, being dependent on 2 α β µ = and especially pronounced for the values close to 1 (Figs. 3 and 4) , depends thereby strongly on the QDE-MNP separation R [see Eq. (8)]. This is an important characteristic feature that can be used for observing this effect and exploited, for example, for controlling distances at nanoscale [30] . Considering the QDE emission spectrum, it is clear that high harmonics would appear due to the anharmonicity at the multiple Rabi-shifted frequencies: 0 , , 0,1, 2,... 
The amplitudes of these harmonics can be chosen as the experimentally observable characteristics.
These amplitudes can straightforwardly be found by expanding the dipole moment expression from 
From previous considerations, it is expected that the amplitude n A would most strongly depend on parameter α for its values close to 1 as indeed seen in Fig. 5 . Also as expected, high harmonics decrease in amplitudes when increasing the external pump field and correspondingly increasing parameter α (Fig. 5 ). , implying the intensity of 3 2 0.5 10 W cm ⋅ , i.e., a relatively low intensity easily achievable in laboratory conditions. It is thereby seen that the above condition for the observation of high harmonics is feasible to satisfy.
Furthermore, given strong dependences of the relative ratios of high harmonics on parameter α (e.g., the ratio 1 3 A A changes from 1.7 to 14.6 in the range shown in Fig. 5 ), one becomes interested in assessing the possibility of using this characteristic feature for monitoring distances at nanoscale. As the first step in this direction, one should directly relate variations in parameter α to changes in the QDE-MNP distance. Since the corresponding analytic expression is cumbersome:
we calculated a few dependencies using the same configuration parameters as above targeting the (most interesting) range of relatively small values of α ( Fig. 6 ). It is readily seen that changing the distance by a couple of nm can produce the whole range of α considered in Fig. 5 , indicating thereby a very high sensitivity of the relative ratios of high harmonics in Rabi oscillations with respect to the QDE-MNP distance. In practice, controlled approach of a QDE to an MNP can be realized by following, for example, the early concept of an MNP on a fiber tip [7, 8] or recent developments in plasmonic nano-optical tweezers [32] .
IV. CONCLUSIONS
We have reported a semiclassical consideration of excitation dynamics in the system of a QDE coupled to a located nearby MNP, which exhibits a dipolar LSP resonance at the frequency of the QDE radiative transition, in the presence of a strong external resonant electromagnetic field.
Depending on the ratio α between the strength of the external resonant pump field acting (together with the MNP response) on the QDE and the feedback produced by the MNP scattering back to the QDE, the QDE dynamics follows either the weak pump regime characterized by a non-oscillatory dynamics with the QDE quickly reaching a stationary superposition state (in which the QDE excited state probability can become close to 0.5) or the strong pump regime characterized by Rabi oscillations with the pronounced anharmonicity. The latter regime results in the QDE scattering at additional frequencies (multiple of the Rabi frequency) with the relative ratio of high harmonics depending strongly on parameter α and thereby on the QDE-MNP separation, an important characteristic feature that can be used for observing this effect and exploited, for example, for controlling distances at nanoscale as discussed above. Another interesting possibility would be to exploit the transition between the two regimes by simply moving an MNP or a QDE with respect to each other for realization of quantum opto-mechanical effects capitalizing on this threshold behavior, or for realization of quantum logical operations. Overall, we believe that the reported results have far reaching implications within the very rapidly developing field of quantum plasmonics [23, 33] . 
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